Abstract. The following has been proven by Brauer and Nesbitt. Let G be a finite group, and let p be a prime. Assume χ is an irreducible complex character of G such that the order of a p-Sylow subgroup of G divides the degree of χ. Then χ vanishes on all those elements of G whose order is divisible by p. The two only known proofs of this theorem use profound methods of representation theory, namely the theory of modular representations or Brauer's characterization of generalized characters. The purpose of this paper is to present a more elementary proof.
The aim of this paper is to give a new elementary proof of the following theorem which is due to Brauer and Nesbitt (see [2, Theorem 1] ).
Theorem (Brauer and Nesbitt). Let G be a finite group, and let p be a prime. Suppose χ is an irreducible complex character of G such that p does not divide the co-degree |G|/χ(1) (χ is said to have p-defect zero). Then χ vanishes on all those elements of G whose order is divisible by p.
As far as we know there exist two different proofs of this theorem. The original proof (see [2] or [5, Chapter 15 , especially Theorem 15.29]) needs the theory of modular representations, and the other proof (see [4] or [5, Theorem 8 .17]) which is due to Gallagher requires Brauer's characterization of generalized characters (see [5, Theorem 8.4 (a)]). We will give a new proof making use only of basic methods from character theory which do not exceed the first three chapters of Isaacs' book [5] .
The starting-point of our proof is the formula in the following Lemma 1 which can be obtained by an iterated application of the formula contained in [5, Theorem 2.13] (see also [3, p. 721] 
holds, where the set
Proof. If ψ is an irreducible character of G, then ψ is also an irreducible character of G, where ψ( = e ψ , and finally taking the sum of these coefficients over all x ∈ K ( x∈K ψ(x) = |K| · ψ(g)) yields the assertion.
We describe in short how we will proceed in what follows. Let p and χ satisfy the assumptions of the theorem. Assume K is a p-singular conjugacy class of G (i.e. p divides the order of the elements of K), and let g ∈ K. Furthermore, let p a be the highest power of p which divides the order of G. Using the formula from Lemma 1, we will show that all the numbers c n :
(n ∈ N) are algebraic integers. Then the conclusion χ(g) = 0 is straightforward by a standard argument from algebraic number theory. In order to realize that the numbers c n (n ∈ N) indeed are algebraic integers, we divide the sum from Lemma 1 into subsums. For it, we introduce for each m ∈ N a distinguished automorphism σ m of the group G m which will turn out to be very useful in proving the theorem. We wish to express here that we were stimulated by a reasoning of Zassenhaus used by him in a proof of a theorem about S-rings (see the footnote in [6, p. 454] ) to look at the theme in the way as follows. 
and the cyclic group σ m permutes the set S m (K).
(ii) Let ψ : G → C be an arbitrary map. Then the map (
The following Lemma 2 plays the leading role in the proof of the theorem. Proof of the Theorem. Let assumptions be as formulated in the theorem. Assume K is a p-singular conjugacy class of G, and let g ∈ K. Furthermore, let p a be the p-part of |G|, let n ∈ N be an arbitrary integer, and set m n := p a+n . By Lemma 1 and Observations (i)
where the outer sum is taken over all the σ mn -orbits ∆ (see Definition) which are contained in S mn (K) (see Lemma 1) . From Observations (ii), Lemma 2, and [5, Corollaries 3.5 and 3.6] follows that c n is an algebraic integer. Since n is an arbitrary integer, and p does not divide |G|/χ(1), χ(g) must be divisible by arbitrarily large powers of p in the ring of all algebraic integers (as, for instance, is apparent from [1, Chapter 3, Lemma 2]). Therefore, if the polynomial f (X) ∈ Z[X] annihilates χ(g), the rational integer f (0) must be divisible by arbitrarily large powers of p as well (by [5, Corollary 3.5] ). We conclude that χ(g) is equal to zero.
Remark.
A completely analogous theorem on zeros of characters holds for twisted group algebras of finite groups over the complex field. In this case, our arguments work as well (with slight alterations of technical but not of substantial nature).
